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Abstract
In extended new general relativity, which is formulated as a re-
duction of a Poincare´ gauge theory of gravity whose gauge group is
the covering group of the Poincare´ group, we study the problem of
whether the total energy-momentum, total angular momentum and
total charge are equal to the corresponding quantities of the gravi-
tational source. We examine this problem for charged axi-symmetric
solutions of gravitational field equations. Our main concern is the re-
striction on the asymptotic form of the gravitational field variables im-
posed by the requirement that physical quantities of the total system
are equivalent to the corresponding quantities of the charged rotat-
ing source body. This requirement can be regarded as an equivalence
principle in a generalized sense.
1 Introduction
Energy-momentum, angular momentum and electric charge play central roles
in modern physics. The conservation properties of the first two are related
∗E-mail: kawai@sci.osaka-cu.ac.jp
†E-mail: itanaka@sci.osaka-cu.ac.jp
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to the homogeneity and isotropy of space-time, respectively, and charge con-
servation corresponds to the invariance of the action integral under inter-
nal U(1) transformations. Also, local quantities such as energy-momentum
density, angular momentum density and charge density are well defined if
gravitational fields are not present in the system in question.
In general relativity (G. R.), however, well-behaved energy-momentum
and angular momentum densities have not yet been defined, although total
energy-momen-
tum and total angular momentum can be defined for an asymptotically flat
space-time surrounding an isolated finite system. The total energy of the sys-
tem is regarded as the inertial mass multiplied by the square of the velocity
of light, and there arises the following question: Is the active gravitational
mass of the isolated system equal to its inertial mass? This question regards
an aspect of the equivalence principle, and it is usually considered to be af-
firmatively answered within G. R.[1, 2] However, the equality of the active
gravitational mass and the inertial mass is violated for the Schwarzschild
metric when it is expressed with using a certain coordinate system.[3]
New general relativity (N. G. R.),[4] which is formulated by gauging co-
ordinate translations and is constructed within the Weitzenbo¨ck space-time,
is a possible alternative to G. R. The most general gravitational Lagrangian
density, which is quadratic in the torsion tensor and is invariant under global
Lorentz transformations including also space inversion and general coordinate
transformations, has three free parameters, c1 , c2 and c3. Solar system exper-
iments show that c1 and−c2 are very likely to be equal to −1/(3κ). In Ref.[5],
Shirafuji, Nashed and Hayashi give, for the case with c1 = −1/(3κ) = −c2,
the most general spherically symmetric solution, and they clarified the re-
striction on the behavior of the vierbeins at spatial infinity imposed by the
requirement that the inertial mass is equal to the active gravitational mass.
Such analysis has been extended to the case in which c1 6= −1/(3κ) 6= −c2
in Ref.[2].
Extended new general relativity (E. N. G. R.),[6] is obtained as a reduc-
tion of the Poincare´ gauge theory (P¯. G. T.) of gravity,[7] which is formulated
on the basis of the principal fiber bundle over the space-time, possessing the
covering group P¯0 of the Poincare´ group as the structure group, by follow-
ing the lines of the standard geometric formulation of Yang-Mills theories as
closely as possible. E. N. G. R.[6] is also constructed within the Weitzenbo¨ck
space-time and has many points in common with N. G. R. The field equa-
tions for the vierbeins in E. N. G. R. , for example, are identical to those in
2
N. G. R., if fields with non-vanishing “intrinsic” energy-momentum do not
exist.
In this paper, considering charged axi-symmetric solutions in E. N. G. R.,
we examine the condition imposed on the asymptotic behavior of the field
variables by the requirement1 that the total energy-momentum, the total
angular momentum and the total charge of the system are all equal to the
corresponding quantities of the central gravitating body.
This paper is organized as follows. In §2, we give the basic formulation
of E. N. G. R. In §3, we calculate conserved quantities for a charged axi-
symmetric solution. In §4, we study solutions obtainable from the solution
discussed in §3 and examine restrictions on the field variables imposed by
the requirement mentioned above. In the final section, we give a summary
and discussion.
2 Basic formulation
2.1 Poincare´ gauge theory
P¯. G. T.[7] is formulated on the basis of the principal fiber bundle P over the
space-time M possessing the covering group P¯0 of the proper orthochronous
Poincare´ group as the structure group. The space-time is assumed to be
a noncompact four- dimensional differentiable manifold having a countable
base. The bundle P admits a connection Γ. The translational and rotational
parts of the coefficients of Γ will be written as Akµ and A
k
lµ, respectively.
The fundamental field variables are Akµ , A
k
lµ, the Higgs-type field ψ = {ψk},
and the matter field φ = {φA|A = 1, 2, 3, · · · , N}.2 These fields transform
1This is a generalization of the requirement that the inertial mass is equal to the active
gravitational mass.
2Unless otherwise stated, we use the following conventions for indices: The middle part
of the Greek alphabet, µ, ν, λ, · · · , denotes 0, 1, 2 and 3, while the initial part, α, β, γ, · · · ,
denotes 1, 2 and 3. In a similar way, the middle part of the Latin alphabet, i, j, k, · · · ,
denotes 0, 1, 2 and 3, unless otherwise stated, while the initial part, a, b, c, · · · , denotes 1,
2 and 3. The capital letters A and B are used for indices of components of the field φ,
and N denotes the dimension of the representation ρ.
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as3
ψ′k = (Λ(a−1))kl(ψ
l − tl) ,
A′kµ = (Λ(a
−1))kl(A
l
µ + t
l
,µ + A
l
mµt
m) ,
A′klµ = (Λ(a
−1))kmA
m
nµ(Λ(a))
n
l + (Λ(a
−1))km(Λ(a))
m
l,µ ,
φ′A = (ρ((t, a)−1))ABφ
B , (1)
under the Poincare´ gauge transformation
σ′(x) = σ(x) · (t(x), a(x)) , t(x) ∈ T 4 , a(x) ∈ SL(2, C) . (2)
Here, Λ is the covering map from SL(2, C) to the proper orthochronous
Lorentz group, and ρ stands for the representation of the Poincare´ group to
which the field φ belongs. Also, σ and σ′ represent the local cross sections
of P. The dual components bkµ of the vierbeins bµk∂/∂xµ are related to the
field ψ and the gauge potentials Akµ and A
k
lµ through the relation
bkµ = ψ
k
,µ + A
k
lµψ
l + Akµ , (3)
and these transform according to
b′kµ = (Λ(a
−1))klb
l
µ (4)
under the transformation (2). Also, they are related to the metric gµνdx
µ ⊗
dxν of M through the relation
gµν = ηklb
k
µb
l
ν , (5)
with (ηkl)
def
= diag(−1, 1, 1, 1).
There is a 2 to 1 bundle homomorphism F from P to the affine frame
bundle A(M) over M , and an extended spinor structure and a spinor struc-
ture exist in association with it.[8] The space-time M is orientable, which
follows from its assumed noncompactness and from the fact that M has a
spinor structure.
The affine frame bundle A(M) admits a connection ΓA. The T 4-part,
Γµν , and GL(4, R)-part, Γ
µ
νλ, of its connection coefficients are related to
Aklµ and b
k
µ through the relations
Γµν = δ
µ
ν , A
k
lµ = b
k
νb
λ
lΓ
ν
λµ + b
k
νb
ν
l,µ (6)
3For the function f on M , we define f,µ
def
= ∂f/∂xµ.
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by the requirement that F maps the connection Γ into ΓA , and the space-
time M is of the Riemann-Cartan type.
The field strengths Rklµν , R
k
µν and T
k
µν of A
k
lµ, A
k
µ and of b
k
µ are given
by4
Rklµν
def
= 2(Akl[ν,µ] + A
k
m[µA
m
lν]) ,
Rkµν
def
= 2(Ak[ν,µ] + A
k
l[µA
l
ν]) ,
T kµν
def
= 2(bk [ν,µ] + A
k
l[µb
l
ν]) , (7)
and we have the relation
T kµν = R
k
µν +R
k
lµνψ
l . (8)
The field strengths T kµν and R
kl
µν are both invariant under internal trans-
lations. The torsion is given by
T λµν = 2Γ
λ
[νµ] , (9)
and the T 4- and GL(4, R)-parts of the curvature are given by
Rλµν = 2(Γ
λ
[ν,µ] + Γ
λ
ρ[µΓ
ρ
ν]) , (10)
Rλρµν = 2(Γ
λ
ρ[ν,µ] + Γ
λ
τ [µΓ
τ
ρν]) , (11)
respectively. Also, we have
T kµν = b
k
λT
λ
µν = b
k
λR
λ
µν , (12)
Rklµν = b
k
λb
ρ
lR
λ
ρµν , (13)
which follow from Eq. (6).
The covariant derivative of the matter field φ takes the form
Dkφ
A = bµkDµφ
A ,
Dµφ
A def= ∂µφ
A +
i
2
Almµ(Mlmφ)
A + iAlµ(Plφ)
A . (14)
4We define
A···[µ···ν]···
def
=
1
2
(A···µ···ν··· −A···ν···µ···) ,
A···(µ···ν)···
def
=
1
2
(A···µ···ν··· +A···ν···µ···) .
5
Here, Mkl and Pk are representation matrices of the standard basis of the
group P¯0 : Mkl = −iρ∗(Mkl), Pk = −iρ∗(P k). The matrix Pk represents the
intrinsic energy-momentum of the field φA,[8] and it is vanishing for all the
observed fields.5
From the requirement of invariance of the action integral under internal P¯0
gauge transformations, it follows that the gravitational Lagrangian density
is a function of Tklm and of Rklmn. The gravitational Lagrangian density
is identical to that in Poincare´ gauge theory, and hence gravitational field
equations take the same forms in these theories. The field equation for the
field ψk is automatically satisfied if those for Akµ and φ
A are both satisfied,
and ψk is a non-dynamical field in this sense.
2.2 Extended new general relativity
2.2.1 Reduction of Poincare´ gauge theory to an extended new
general relativity
In P¯. G. T., we consider the case in which the field strength Rklµν vanishes
identically,
Rklµν ≡ 0 , (15)
and we choose SL(2.C)-gauge such that
Aklµ ≡ 0 . (16)
Then, the curvature vanishes, and the space-time reduces to the Weitzenbo¨ck
space-time, which means that we have a teleparallel theory.
Also, the vierbeins bkµ, the affine connection coefficients Γ
λ
µν and the
torsion tensor T λµν are given by
bkµ = ψ
k
,µ + A
k
µ , (17)
Γλµν = b
λ
l b
l
µ,ν , (18)
and
T λµν = 2Γ
λ
[νµ] = 2b
λ
kb
k
[ν,µ] = b
λ
kT
k
µν , (19)
5In what follows, the field components bkµ and b
µ
k are used to convert Latin and Greek
indices, in analogy to the case of Dkφ
A and Dµφ
A. Also, raising and lowering the indices
k, l,m, · · · are accomplished with the aid of (ηkl) def= (ηkl)−1 and (ηkl).
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respectively. Introducing the volume element dv by
dv
def
=
√−gdx0 ∧ dx1 ∧ dx2 ∧ dx3 , (20)
with g
def
= det(gµν) = −{det(bkµ)}2, we consider the action integral
I =
∫
D
L(ψk,µ, ψ
k, Akµ,ν , A
k
µ, Aµ,ν , Aµ, φ
A
,µ, φ
A, φ∗A,µ, φ
∗A)dv , (21)
where Aµ and D denote the electromagnetic vector potential and a compact
region in M , respectively.6 Also, the symbol ∗ represents the operation of
complex conjugation, and thus φ∗A denotes the complex conjugate of φA.
We impose the following requirement:
(R.i) The action I is invariant under local internal translations and global
SL(2, C)-transformations. From this, the identities [6]
δL
δψk
+ ∂µ
(
δL
δAkµ
)
+ i
δL
δφA
(Pkφ)
A − i δL
δφ∗A
(Pkφ)
∗A ≡ 0 , (22)
F k
(µν) ≡ 0 , (23)
tot
T k
µ − ∂νF kµν − δL
δAkµ
≡ 0 , (24)
∂µ
tot
Skl
µ − 2 δL
δψ[k
ψl] − 2 δL
δA[kµ
Al]µ − i δL
δφA
(Mklφ)
A + i
δL
δφ∗A
(Mklφ)
∗A ≡ 0
(25)
follow, where we have defined
L
def
=
√−gL , (26)
F k
µν def=
∂L
∂Akµ,ν
, (27)
tot
T k
µ def=
∂L
∂ψk,µ
+ i
∂L
∂φA,µ
(Pkφ)
A − i ∂L
∂φ∗A,µ
(Pkφ)
∗A , (28)
tot
Skl
µ def= −2 ∂L
∂ψ[k,µ
ψl] − 2F [kνµAl]ν
−i ∂L
∂φA,µ
(Mklφ)
A + i
∂L
∂φ∗A,µ
(Mklφ)
∗A . (29)
6We consider the case in which the electromagnetic field and the charged field are
present. The field φA is considered to be a field with the electric charge q. This is
preparation for the subsequent sections, in which space-time produced by a charged source
is treated.
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By virtue of the identity (24), the density totT k
µ can be expressed in the
usual form of the currrent in Yang-Mills theories,
tot
T k
µ =
∂L
∂Akµ
. (30)
When the field equations δL/δAkµ
def
= ∂L/∂Akµ−∂ν(∂L/∂Akµ,ν) = 0 and
δL/δφA = 0 are both satisfied, we have the following:
(i) The field equation δL/δψk = 0 is automatically satisfied, and hence ψk is
not an independent dynamical variable.
(ii)
∂µ
tot
T k
µ = 0 , (31)
∂µ
tot
Skl
µ = 0 , (32)
which are the differential conservation laws of the dynamical energy-momentum
and the “spin” angular momentum, respectively. The assertions (i) and (ii)
follow from Eqs. (22) – (25).
Also, we require the following:
(R.ii) The Lagrangian density L is a scalar field on M .
Then, we have
T˜ µ
ν − ∂λΨµνλ − δL
δAkν
Akµ − δL
δAν
Aµ ≡ 0 (33)
and
Ψλ
(µν) ≡ 0 , (34)
with
T˜ µ
ν def= δµ
ν
L− F kλνAkλ,µ − F λνAλ,µ − ∂L
∂φA,ν
φA,µ − ∂L
∂φ∗A,ν
φ∗A,µ − ∂L
∂ψk,ν
ψk,µ
(35)
and
Ψλ
µν def= F k
µνAkλ + F
µνAλ , (36)
F
µν def=
∂L
∂Aµ,ν
. (37)
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The identities (33) and (34) lead to
∂νT˜ µ
ν = 0 , (38)
∂νMλ
µν = 0 (39)
when δL/δAkµ = 0 and δL/δAµ = 0, where Mλ
µν def= 2(Ψλ
µν − xµT˜ λν).
Equations (38) and (39) are the differential conservation laws of the canon-
ical energy-momentum and “extended orbital angular momentum”,[9] re-
spectively. We also require invariance of the action under the U(1) gauge
transformation:
A′µ = Aµ + λ,µ , φ
′A = exp(iqλ)φA , ψ′k = ψk , A′kµ = A
k
µ, (40)
with λ being an arbitrary function on M , from which we can obtain
F
(µν) ≡ 0 , (41)
J
µ + iq
(
∂L
∂φA,µ
φA − ∂L
∂φ∗A,µ
φ∗A
)
≡ 0 , (42)
∂µ
(
δL
δAµ
− Jµ
)
≡ 0 , (43)
with
J
µ def=
∂L
∂Aµ
. (44)
From the identity (43), the differential conservation law of the electric charge,
∂µJ
µ = 0 , (45)
follows when the field equation δL/δAµ = 0 is satisfied. The functional
dependence of L is restricted as
L = L(ψk, Tklm, Fµν ,∇kφA, φA,∇∗kφ∗A, φ∗A) , (46)
with L satisfying certain identities,[6] where
Fµν
def
= ∂µAν − ∂νAµ , (47)
∇kφA def= bµk∇µφA def= bµk(φA,µ + iAkµ(Pkφ)A − iqAµφA) ,
∇∗kφ∗A def= bµk∇∗µφ∗A def= bµk(φ∗A,µ − iAkµ(Pkφ)∗A + iqAµφ∗A) . (48)
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The gravitational action7
I˜G =
∫
D
(c1 t
klmtklm + c2 v
kvk + c3 a
kak)dv , (49)
with ci (i = 1, 2, 3) being real constants, satisfies the requirements (R.i) and
(R.ii). Here tklm, vk and ak are irreducible components of the torsion tensor:
tklm
def
=
1
2
(Tklm + Tlkm) +
1
6
(ηmkvl + ηmlvk)− 1
3
ηklvm , (50)
vk
def
= T llk , (51)
ak
def
=
1
6
εklmnT
lmn , (52)
where εklmn is a completely anti-symmetric Lorentz tensor with ε(0)(1)(2)(3) =
−1.8
The action I˜G with
9
c1 = −c2 = − 1
3κ
, (53)
with κ being the Einstein gravitational constant agrees quite well with ex-
perimental results.[4] In what follows, we assume that the condition (53) is
satisfied. Thus, our gravitational action is
IG
def
=
∫
D
LGdv , (54)
with
LG
def
= − 1
3κ
(tklmtklm − vkvk) + c3 akak . (55)
2.2.2 The gravitational and electromagnetic field equations in vac-
uum
The electromagnetic Lagrangian density Lem is given by
10
Lem = −1
4
gµρgνσFµνFρσ . (56)
7This action is identical to the gravitational action in N. G. R.[4]
8Latin indices are put in parentheses to discriminate them from Greek indices.
9We will use natural units in which ~ = c = 1.
10Here we use Heaviside-Lorentz rationalized unit.
10
We consider a system described by the Lagrangian density L
def
= LG + Lem.
The gravitational and electromagnetic field equations for this system are the
following:
Gµν({}) +Kµν = κT µνem , (57)
∂µ(
√−gJklµ) = 0 , (58)
∂ν
(√−gF µν) = 0 . (59)
Here we have defined
Gµν({}) def= Rµν({})− 1
2
gµνR({}) , (60)
and
Rµν({}) def= Rλµλν({}) , R({}) def= gµνRµν({}) , (61)
with the Riemann-Christoffel curvature tensor
Rλρµν({}) def= 2
(
∂[µ
{
λ
ρ ν]
}
+
{
λ
σ [µ
}{
σ
ρ ν]
})
. (62)
Also, T µνem is the energy-momentum tensor of the electromagnetic field,
T µνem
def
= F µρF νσgρσ + g
µνLem , (63)
and the tensors Kµν and Jklµ are defined by
Kµν
def
=
κ
λ
[
1
2
{ εµρσλ(T νρσ − Tρσν) + ενρσλ(T µρσ − Tρσµ) }aλ − 3
2
aµaν − 3
4
gµνaλaλ
]
(64)
and
Jklµ
def
= −3
2
bkρb
l
σε
ρσµνaν , (65)
respectively, where we have used
λ
def
=
9κ
4κc3 + 3
. (66)
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2.2.3 An exact solution of gravitational and electromagnetic field
equations with a charged rotating source
An exact solution of the field equations (57) – (59), which represents the grav-
itational and electromagnetic fields surrounding a charged rotating source,
is given in Ref.[10]. This will be described below. The vector fields bkµ and
the electromagnetic potential Aµ have the expressions
bkµ =
(0)bkµ +
a
2
lklµ − Q
2
2
mkmµ , (67)
Aµ = − q
4pi
√
Z lµ , (68)
where (0)bkµ are the dual components of constant vierbeins and are defined
by (0)bkµ
def
= δkµ. The functions Z, lµ, mµ, l
k and mk are given by
Z =
N
D
,
l0 =
√
Z , lα =
2
√
Z
D + r2 + h2
[
Nxα +
h2x3δ3α
N
− εαβ3xβ
]
,
mµ =
lµ√
N
, lk = δkµη
µνlν , m
k = δkµη
µνmν , (69)
where D and N are given by
D =
√
(r2 − h2)2 + 4h2(x3)2 , N =
√
r2 − h2 +D√
2
, (70)
with r
def
=
√
(x1)2 + (x2)2 + (x3)2. In Eq. (69), the εαβγ are three-dimensional
totally anti-symmetric tensor with ε123 = 1. Also, we have defined
a
def
=
κm
4pi
, Q
def
=
q
4pi
√
κ
2
, h
def
= − J
m
, (71)
with m, J and q being the active gravitational mass, the absolute value of
the angular momentum, and the electromagnetic charge of the source body,
respectively.
For the solution given by Eqs. (67) and (68), the axial vector part aµ of
the torsion tensor vanishes,
aµ = 0 , (72)
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and the metric is identical to the charged Kerr metric in G. R.
The asymptotic forms of the vierbeins and the electromagnetic vector
potential for large r are given by
baα = δ
a
α +
1
2
(
a− Q
2
r
)
nanα
r
− ahn
β
2r2
(εαβ3n
a + εaβ3nα) +O
a
α
(
1
r3
)
,
b(0)α = −nα
2r
(
a− Q
2
r
)
+
ah
2r2
εαβ3n
β +Oα
(
1
r3
)
,
ba0 =
na
2r
(
a− Q
2
r
)
− ah
2r2
εaβ3n
β +Oa
(
1
r3
)
,
b(0)0 = 1− 1
2r
(
a− Q
2
r
)
+ O
(
1
r3
)
(73)
and
A0 = − q
4pir
+O
(
1
r3
)
, Aα = − q
4pi
xα
r2
+Oα
(
1
r3
)
, (74)
respectively, which follow from Eqs. (67) and (68). Here, we have defined
nα
def
= xα/r, and the expression O (1/rw) with positive w denotes a term such
that limr→∞ r
wO (1/rw) = constant. 11
2.2.4 Asymptotic form of ψk
The space-time in this theory has vanishing curvature tensor. When, addi-
tionally, the torsion tensor vanishes identically, the space-time is the Minkowski
space-time, for which the translational gauge potentials Akµ can be chosen
to be zero and Eq. (3) is reduced to
bkµ = ψ
k
,µ . (75)
For the solution given by Eqs. (67) and (68), we have12
T kµν = O
k
[µν]
(
1
r2
)
, (76)
11The symbols a and α in Oaα(1/r
3), Oα(1/r
3) and Oa(1/r3) are to show that these
terms have indices as indicated.
12The square bracket [ ] in the suffix of Ok [µν](1/r
2) indicate that this term is anti-
symmetric with respect to µ , ν.
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and the space-time asymptotically approaches the Minkowski space-time for
large r.
The above discussion and the consideration given in Ref.[11] to introduce
vierbeins suggest that ψk can be regarded as a Minkowskian coordinate at
spatial infinity, and we are naturally led to employ the following form of ψk:
ψk = (0)bkµx
µ + (0)ψk + Ok
(
1
rβ
)
, (β > 0)
ψk,µ =
(0)bkµ + O
k
µ
(
1
r1+β
)
,
ψk,µν = O
k
(µν)
(
1
r2
)
, (77)
where (0)ψk and β are constants.
3 Equivalence relations for the case of the so-
lution
represented by Eqs. (67) and (68)
In this section, on the basis of the discussion in Refs.[9] and [12], we exam-
ine the energy-momentum, the angular momentum and the charge for the
solution given in the preceding section.
3.1 The case in which {ψk, Akµ, Aµ} is employed as the
set of independent field variables
We regard the Lagrangian density L
def
=
√−gL as a function of ψk, Akµ, Aµ
and of their derivatives. For this case, the generator Mk of internal trans-
lations and the generator Skl of internal Lorentz transformations are[7] the
dynamical energy-momentum and the total (=spin + orbital) angular mo-
mentum, respectively, and they are expressed as
Mk
def
=
∫
σ
tot
T k
µdσµ (78)
and
Skl
def
=
∫
σ
tot
Skl
µdσµ . (79)
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Here, σ is a space-like surface, and dσµ is the surface element on it:
dσµ =
1
3!
εµνλρdx
ν ∧ dxλ ∧ dxρ . (80)
We have
F k
µν = F (1)k
µν + F (2)k
µν , (81)
with
F
(1)
k
µν def=
1
κ
√−g bkρ∂σ
{
(−g) gρ[µgν]σ} +Zkµν , (82)
F
(2)
k
µν def=
3
2λ
√−g εklmnbµmbνnal , (83)
Zk
µν def=
√−g
κ
{
b[µk( b
ν]lbλl.λ − bλl bν]l,λ) + bλkb[µlbν]l,λ
}
, (84)
as is known by using the explicit form of LG.[6] From Eqs. (17), (24), (28)
and (81), we find that totSkl
µ defined by Eq. (29) can be rewritten as
tot
Skl
µ = 2∂ν(ψ[kF l]
µν) +
2
κ
∂ν
(√−gbµ[kbν l] − (0)bµ[k(0)bν l])
−b[kνF (2)l]µν + 2ψ[k δL
δAl]µ
, (85)
where (0)bµk are the components of the constant vierbeins:
(0)bµk
def
= δµk. For
the vierbeins given by Eq. (67), we have
Zk
µν = 0 , F (2)k
µν = 0 , (86)
and hence
F k
µν = F (1)k
µν =
1
κ
√−g bkρ∂σ
{
(−g) gρ[µgν]σ} . (87)
3.1.1 Energy-momentum
When the field equation δL/δAkµ = 0 is satisfied, Eq. (78) can be rewritten
as
Mk =
∫
σ
∂νF k
µνdσµ =
∫
S
F k
0αr2nαdΩ , (88)
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by using the identity (24). Here, S and dΩ stand for the two-dimensional
surface of σ and the differential solid angle, respectively. Equations (81),
(86) – (88) and (179) give
M(0) = −m , Ma = 0 . (89)
The quantity Mk is the total energy-momentum vector of the system. The
first relation in Eq. (89) expresses the equality of the active gravitational
mass and the inertial mass.
3.1.2 Angular momentum
From Eqs. (79) and (85), the toal angular momentum can be expressed as
Skl = 2
∫
σ
∂ν
[
ψ[kF l]
µν +
1
κ
{√−g bµ[k bνl] − (0)bµ[k(0)bν l] }
]
dσµ , (90)
from which the expression
S(0)a =
(0)ψam = −(0)ψaM(0) + (0)ψ(0)Ma ,
Sab = Jεab3 = Jεab3 +
(0)ψaMb − (0)ψbMa (91)
is obtained by the use of Eqs. (73), (77), (78), (81), (87) and (179).
In the above, terms of the form (0)ψkMl − (0)ψlMk are regarded as to
represent the conserved orbital angular momentum around the origin of the
internal space.[12] Equation (91) implies that the total angular momentum
is equal to the angular momentum of the rotating source.
3.1.3 Canonical energy-momentum and “extended orbital angular
momentum”
The generator M cµ of coordinate translations and the generator Lµ
ν of
GL(4,R) coordinate transformations are the canonical energy-momentum
and the “extended orbital angular momentum”, 13 respectively. They have
the expressions
M cµ
def
=
∫
σ
T˜ µ
νdσν =
∫
σ
∂τΨµ
ντdσν , (92)
Lµ
ν def=
∫
σ
Mµ
νλdσλ = −2
∫
σ
∂τ (x
νΨµ
λτ )dσλ . (93)
13Note that the anti-symmetric part L[µν]
def
= η[νλLµ]
λ is the orbital angular momentum.
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The asymptotic behavior of the translational gauge potentials Akµ at
spatial infinity is given as
A(0)0 = − a
2r
+O
(
1
r1+β
)
, A(0)α = − a
2r
nα +Oα
(
1
r1+β
)
,
Aa0 =
a
2r
na +Oa
(
1
r1+β
)
, Aaα =
a
2r
nanα +O
a
α
(
1
r1+β
)
, (94)
which are known from Eqs. (17), (73) and (77). ThenM cµ vanishes trivially,
M cµ =
∫
S
F k
0αAkµr
2nαdΩ = 0 , (95)
while Lµ
ν is expressed as
Lµ
ν = −2
∫
S
xν(F k
0αAkµ + F
0αAµ)r
2nαdΩ , (96)
and the non-zero components are given by
L1
1 = L2
2 = L3
3 =
q2
6pi
. (97)
These can be shown by use of Eqs. (36), (74), (81), (94) and (179). Thus,
the orbital angular momentum L[µν] is vanishing: L[µν] = 0.
3.1.4 Charge
The charge is defined as the generator of U(1) gauge transformations and is
given by
C
def
=
∫
σ
∂ν
(
∂L
∂Aµ,ν
)
dσµ =
∫
σ
∂ν(
√−gF µν)dσµ = −
∫
S
(∂αA0)nαr
2dΩ = q ,
(98)
where we have used Eq. (74). This implies the equality of the total charge
of the system and the charge of the source.
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3.2 The case in which {ψk, bkµ, Aµ} is employed as the
set of independent field variables
Let us denote L and L, expressed as functions of ψk, bkµ, Aµ and their deriva-
tives, by Lˆ and Lˆ, respectively. The action I is now written as
Iˆ =
∫
D
Lˆdv = I . (99)
Various identities can be derived from the requirements (R.i) and (R.ii),
among which we have
δLˆ
δψk
≡ 0 , (100)
tot
Tˆ k
µ ≡ 0 , (101)
∂µ
tot
Sˆkl
µ − 2 δLˆ
δψ[k
ψl] − 2 δLˆ
δb[kµ
bl]µ ≡ 0 , (102)
ˆ˜
T µ
ν − ∂λΨˆµνλ − δLˆ
δbkν
bkµ − δLˆ
δAν
Aµ ≡ 0 , (103)
where we have defined
Lˆ
def
=
√−gLˆ , (104)
tot
Tˆ k
µ def=
∂Lˆ
∂ψk,µ
, (105)
tot
Sˆkl
µ def= −2 ∂Lˆ
∂ψ[k,µ
ψl] − 2Fˆ [kνµbl]ν , (106)
ˆ˜
T µ
ν def= δµ
ν
Lˆ− Fˆ kλνbkλ,µ − Fˆ λνAλ,µ − ∂Lˆ
∂ψk,ν
ψk,µ , (107)
Ψˆλ
µν def= Fˆ k
µνbkλ + Fˆ
µν
Aλ = −Ψˆλνµ , (108)
Fˆ k
µν def=
∂Lˆ
∂bkµ,ν
= F k
µν , Fˆ
µν def
=
∂Lˆ
∂Aµ,ν
= F µν . (109)
From Eqs. (100) and (101), we see that
∂µ
tot
Sˆkl
µ = 0 (110)
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when the field equations for bkµ are satisfied. From Eqs. (103) and (108), it
follows that
∂ν
ˆ˜
T µ
ν = 0 , (111)
∂νMˆλ
µν = 0 (112)
when the field equations δLˆ/δbkµ = 0 and δLˆ/δAµ = 0 are both satisfied,
where Mˆλ
µν def= 2(Ψˆλ
µν−xµ ˆ˜T λν). Equations (110) – (112) are the differential
conservation laws of the “spin” angular momentum, the canonical angular
momentum, and the “extended orbital angular momentum”, respectively.
The density totSˆkl
µ defined by Eq. (106) can be rewritten as
tot
Sˆkl
µ =
2
κ
∂ν
(√−gbµ[kbν l] − (0)bµ[k(0)bν l])− b[kνF (2)l]µν , (113)
by the use of Eqs. (81), (101), (109) and (105).
3.2.1 Energy-momentum
The dynamical energy-momentum Mˆk, which is the generator of internal
translations, vanishes identically:
Mˆk
def
=
∫
σ
tot
Tˆ k
µdσµ ≡ 0 . (114)
This is evident from Eq. (101).
3.2.2 Spin angular momentum
The generator Sˆkl of internal Lorentz transformations is expressed as
Sˆkl
def
=
∫
σ
tot
Sˆkl
µdσµ =
2
κ
∫
S
(√−g b0[kbαl] − (0)b0[k(0)bαl])nαr2dΩ , (115)
as can be shown by using Eq. (113), and we obtain
Sˆ(0)a = 0 , Sˆab =
1
3
Jεab3 (116)
by using Eq. (73).
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3.2.3 Canonical energy-momentum and “extended orbital angular
momentum”
The generator Mˆ cµ of coordinate translations and the generator Lˆµ
ν of
GL(4,R) coordinate transformations are the canonical energy-momentum
and the “extended orbital angular momentum”, respectively. They have the
expressions
Mˆ cµ
def
=
∫
σ
ˆ˜
T µ
νσν =
∫
σ
∂τΨˆµ
ντdσν , (117)
Lˆµ
ν def=
∫
σ
Mˆµ
νλdσλ = −2
∫
σ
∂τ
(
xνΨˆµ
λτ
)
dσλ . (118)
Then we have
Mˆ c0 = −m , Mˆ cα = 0 . (119)
Thus, Mˆ cµ is the total energy-momentum, and the equality of the active
gravitational mass and the inertial mass holds. Also, Lˆµ
ν is given by
Lˆ0
0 = 2x0m , Lˆ0
α = 0 , Lˆα
0 = 0 ,
Lˆα
β =
2
3
Jεα
β3 , (α 6= β) , Lˆ11 = Lˆ22 = Lˆ33 =∞ . (120)
Equations (119) and (120) are obtained by using Eqs. (73), (74), (87), (108),
(109) and (179).
The orbital angular momentum Lˆ[µν] is given by
Lˆ[0α] = 0 , Lˆ[αβ] =
2
3
Jεαβ3 . (121)
If we define the total angular momentum of the system by[9]
Jˆkl
def
= Sˆkl +
(0)bµk
(0)bν lLˆ[µν] , (122)
then we have
Jˆ(0)k = 0 , Jˆab = Jεab3 , (123)
and the total angular momentum is equal to the angular momentum of the
rotating source.
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3.2.4 Charge
The generator Cˆ of U(1) gauge transformations is given by
Cˆ
def
=
∫
σ
∂ν
(
∂Lˆ
∂Aµ,ν
)
dσµ = q , (124)
which implies the equality of the total charge of the system and the charge
of the source.
4 Restrictions imposed on field variables
by the generalized equivalence principle
In the preceding section, we examined the solution given by Eqs. (67) and
(68), and the results show that the total energy-momentum, the total angular
momentum, and the total charge of the system, which are generators of
transformations, are equal to the corresponding active quantities of a central
gravitating body. The total mass, which is equal to the total energy divided
by the square of the velocity of light, can be regarded as the inertial mass of
the system. Thus, the results include the equality of the inertial mass and
the active gravitational mass, which implies that the equivalence principle is
satisfied by this solution.
In view of the above, we regard, the total momentum, the total angular
momentum and the total charge as “inertial” quantities, and we say that a
generalized equivalence principle (G. E. P.) is satisfied if the total energy-
momentum, total angular momentum and total charge are all equal to the
corresponding quantities of the source.
The axial vector part aµ vanishes for our solution, as stated above, and the
field equations (57) – (59) are covariant under general coordinate transforma-
tions and under local Lorentz transformations that keep aµ vanishing. Thus,
new solutions can be obtained by applying the general coordinate transfor-
mations and restricted local Lorentz transformations bk′µ = A
k
l(x)b
l
µ that
satisfy the condition [4],14
εµνρσbkνb
l
ρA
m
k(x)Aml(x),σ = 0 (125)
14Note that aµ is invariant under the local Lorentz transformation A
k
l(x) if and only if
this condition is satisfied.
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to the solution represented by Eqs. (67) and (68).
In this section, we examine restrictions imposed on solutions by the re-
quirement that this G. E. P. is satisfied. We look for new solutions having
suitable asymptotic behavior by considering the following Poincare´ gauge
transformations:
(1) LocalSL(2.C) transformation
Hkl
def
=
(
Λ(a−1)
)k
l = Λ
k
l + Λ
k
mω
m
l(x) . (126)
(2) Local internal translation
tk = (0)tk + bk(x) . (127)
Here, Λkl and
(0)tk denote a constant internal Lorentz transformation and
the constant internal translation, respectively, and ωkl and b
k are functions
satisfying the following conditions:
ωkl(x) = O
k
l
(
1
rp
)
, ωkl,µ(x) = O
k
lµ
(
1
rp+1
)
, (p > 0) (128)
bk(x) = Ok
(
1
rγ
)
, bk,µ(x) = O
k
µ
(
1
rγ+1
)
. (γ > 0) (129)
The transformation Hkl
def
= (Λ(a−1))
k
l is a Lorentz transformation satisfying
Eq. (125), if and only if
ωkl + ωlk + ωmkω
m
l = 0 , (130)
εµνλρ(ωkl,ρ + ωmkω
m
l,ρ)b
k
νb
l
λ = 0 (131)
are both satisfied. The conditions (130) and (131) are equivalent to
ωµν + ωνµ + ωλµω
λ
ν = 0 (132)
and
Xµνλ +Xλµν +Xνλµ = 0 , (133)
respectively, where we have defined
ωµν
def
= bkµb
l
νωkl , (134)
Xµνλ
def
= ωµν,λ + ω
τ
µωτν,λ − bτ kbkµ,λωτν − bτ kbkν,λωµτ
+bτkbρk,λωτµωρν + b
k
νb
τ
k,λω
ρ
µωρτ . (135)
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The function Xµνλ is anti-symmetric with respect to the first two indices:
Xµνλ = −Xνµλ . (136)
From Eqs. (128), (132) and (133), ωµν is known to have the expression
ωµν = ∂µων − ∂νωµ + fµν(x) , (137)
with
∂µων − ∂νωµ = O[µν]
(
1
rp
)
,
fµν(x) = Oµν
(
1
rs
)
. ( p < s ) (138)
In addition, we require the leading term of ωkl at spatial infinity to be spher-
ically symmetric. Then we can write
ω0 = A(r, x0) , ωα = nαB(r, x0) , (139)
with certain functions A and B of r and x0.
Also, we consider the following coordinate transformation:
x′µ = Cµνx
ν +Dµ(x) ,
∂x′µ
∂xν
= Cµν + a
µ
ν(x) ,
aµν
def
= Dµ,ν ,
aµν(x) = O
µ
ν
(
1
ru
)
, aµν,λ = O
µ
νλ
(
1
ru+1
)
, (u > 0) (140)
where Cµν denotes a constant Lorentz transformation, and D
µ(x) satisfies
the condition
lim
r→∞
Dµ(x)
r
= 0 . (141)
We write ∂xµ/∂x′ν as
∂xµ
∂x′ν
=
(
C−1
)µ
ν + d
µ
ν(x) , (142)
23
with (C−1)µν being constants satisfying (C
−1)µλC
λ
ν = δ
µ
ν .
The vierbeins and vector potentials given by
b′kµ
def
= Hkl
∂xν
∂x′µ
blν , A
′
µ
def
=
∂xν
∂x′µ
Aν , (143)
with bkµ and Aµ given by Eqs. (67) and (68), are solutions of the gravitational
and electromagnetic field equations. This is true irrespective of the values of
the parameters p , s , β , γ and u. The G. E. P. is considered to be satisfied
if the energy-momentum, the angular momentum and the charge all have
correct transformation properties as their indices indicate. But, this is not
necessarily the case for arbitrary values of these parameters; i.e. there are
solutions which do not satisfy the G. E. P. We examine restrictions imposed
on these parameters by the requirement that the G. E. P. is satisfied.
4.1 The case in which {ψk, Akµ, Aµ} is employed as the
set of independent field variables
Under the combined transformation of the Poincare´ gauge transformation
given by Eqs. (126) and (127) and satisfying the conditions (130) and (131)
and of the coordinate transformation (140), F (1)k
µν ,F (2)k
µν and F µν trans-
form according to
F
(1)′
k
µν = ∆
∂x′µ
∂xρ
∂x′ν
∂xσ
Hk
l
F
(1)
l
ρσ
+
∆
κ
Uk
lmn
λW
ρσλ
lmn
∂x′µ
∂xρ
∂x′ν
∂xσ
, (144)
F
(2)′
k
µν = 0 = ∆
∂x′µ
∂xρ
∂x′ν
∂xσ
Hk
l
F
(2)
l
ρσ , (145)
F
′µν = ∆
∂x′µ
∂xρ
∂x′ν
∂xσ
F
ρσ , (146)
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where we have defined15
Uk
lmn
λ
def
= Hk
lV mnλ , (147)
V mnλ
def
= H lmHl
n
,λ = −V nmλ , (148)
W µνλklm
def
= b[µkb
ν]
lb
λ
m + b
[µ
mb
ν]
kb
λ
l + b
[µ
lb
ν]
mb
λ
k , (149)
∆
def
= det
(
∂xµ
∂x′ν
)
. (150)
Equations (144) – (146) show that F (1)k
µν ,F (2)k
µν and F µν transform as
tensor densities under coordinate transformations. The function W µνλklm is
totally anti-symmetric, both in upper indices and in lower indices.
4.1.1 Energy-momentum
From Eqs. (88) and (144), Mk is found to transform as
16
M ′k
def
=
∫
σ
tot
T
′
k
µdσ′µ =
∫
σ
∂′νF
′
k
µνdσ′µ = Λk
lMl +
3
κ
∫
Uk
[0αβ]
βnαr
2dΩ ,
(151)
where we represent ∂′µ = ∂/∂x
′µ. The energy-momentum Mk obeys the cor-
rect transformation rule
M ′k = Λk
lMl (152)
if the condition
p >
1
2
, s > 1 (153)
is satisfied.17
15For simplicity, we restrict our consideration to the case in which ∆ > 0. An extension
to the case of arbitrary non-vanishing ∆ can be made without difficulty.
16A[µνλ]
def
= 13{Aµ[νλ] +Aν[λµ] +Aλ[µν]}.
17For derivations of the conditions (153), (156) – (18), (163), (171) and (175), elementary
but rather tedious calculations are needed. In Appendix A, we give lists of asymptotic
forms of F (1)k
µν , V mnλ and W
µνλ
klm for large r, which are useful in calculations.
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4.1.2 Angular momentum
From Eqs. (90) and (144), we find that Skl transforms as
S ′kl
def
=
∫
σ
tot
S
′
kl
µdσ′µ
= 2
∫
σ
∂′ν
[
ψ′[kF
′
l]
µν +
1
κ
(√
−g′b′µ[kb′ν l] − b(0)′µ[kb(0)′ν l]
)]
dσ′µ
= Λk
mΛl
n(Smn − 2(0)t[mMn])
+2Λk
m
∫
{ωmn(ψn − tn)− bm}HlnF n0αnαr2dΩ
+
2
κ
∫
H[k
mHl]
n(ψm − tm)H ijHih,βW 0αβnjhnαr2dΩ
+
2
κ
∫
H[k
m(Hl]
n + Λl]
mωm
n)(b0[mb
α
n] − (0)b0[m(0)bαn])nαr2dΩ ,
(154)
where we have defined (0)b′µk
def
= limr→∞Hk
l(∂x′µ/∂xν)bν l = Λk
lCµν
(0)bν l.
The angular momentum obeys the correct transformation rule18
S ′kl = Λk
mΛl
n(Smn − 2(0)t[mMn]) (155)
if the following conditions are satisfied:
p >
1
2
, s > 2 (156)
and[
{ p+ β > 1, p+ γ > 1} or
{
O(0)
(
1
rβ
)
= f(r, x0) , O(0)
(
1
rγ
)
= g(r, x0)
}]
(157)
and[
{ p+ β > 1, p+ γ > 1} or
{
Oa
(
1
rβ
)
= nah(r, x0) , Oa
(
1
rγ
)
= nak(r, x0)
}]
,
with f, g, h and k being some functions of r and x0, where the terms Ok(1/rβ)
and Ok(1/rγ) are those in Eq. (77) and Eq. (129), respectively.
18The term 2(0)t[kMl] comes from the translation (127), and it is an additional orbital
angular momentum around the origin of the internal space.
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4.1.3 Canonical energy-momentum and “extended orbital angular
momentum”
The transformed canonical energy-momentum M ′cµ and the “extended or-
bital angular momentum” L′µ
ν are given by
M ′cµ
def
=
∫
σ
T˜
′
µ
νdσ′ν =
∫
σ
∂′λΨ
′
µ
νλdσ′ν
=
∫
Ψ′µ
νλJ
∂x0
∂x′ν
∂xα
∂x′λ
nαr
2dΩ , (158)
L′µ
ν def=
∫
σ
M
′
µ
νλdσ′λ = −2
∫
σ
∂′τ (x
′νΨ′µ
λτ )dσ′λ
= −2
∫
x′νΨ′µ
λτJ
∂x0
∂x′λ
∂xα
∂x′τ
nαr
2dΩ , (159)
with J
def
= det(∂x′µ/∂xν), in which the transformed Ψ′µ
νλ can be obtained
from Eqs. (1), (36), (144) – (146).
The relation
M ′cµ = 0 = (C
−1)νµM
c
ν (160)
holds without any additional condition on the positive parameters p , s , β , γ
and u, and Lµ
ν and L[µν] transform according to
L′µ
ν = (C−1)ρµC
ν
σLρ
σ , (161)
L′[µν] = 0 = (C
−1)λµ(C
−1)ρνL[λρ] (162)
under the condition
p > 1 . (163)
Equations (160) – (162) are the transformation rules which we would like
M cµ, Lµ
ν and L[µν] to obey.
4.1.4 Charge
For the transformed charge
C ′
def
=
∫
σ
∂′ν
(
∂L′
∂A′µ,ν
)
dσ′µ , (164)
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with the Lagrangian density L′ defined with transformed field variables, we
can obtain
C ′ = C = q (165)
without imposing any additional condition.
To summarize, the G. E. P. is satisfied if
p > 1 , s > 2 . (166)
The asymptotic behavior of the transformed dual components of b′kµ =
Hkl(∂x
ν/∂x′µ)blν and of the transformed vector potential A
′
µ = (∂x
ν/∂x′µ)Aν
can be easily obtained from Eqs. (126), (128), (142) and (166) as
b′kµ = Λ
k
l(C
−1)νµ
(0)blν +O
k
µ(1/r
u) +Okµ(1/r) , (u > 0)
A′µ = (C
−1)νµAν + d
ν
µAν = Oµ(1/r) . (167)
4.2 The case in which {ψk, bkµ, Aµ} is employed as the
set of independent field variables
4.2.1 Energy-momentum and angular momentum
For the generator of Poincare´ gauge transformations, we have
Mˆ ′k
def
=
∫
σ
tot
Tˆ
′
k
µdσ′µ ≡ 0 = ΛklMˆl , (168)
Sˆ ′kl
def
=
∫
σ
tot
Sˆ
′
kl
µdσ′µ = Λk
mΛl
nSˆmn , (169)
which hold without imposing any additional condition.
4.2.2 Canonical energy-momentum and “extended orbital angular
momentum”
For Mˆ cµ, we have
Mˆ ′cµ
def
=
∫
σ
ˆ˜
T
′
µ
νdσ′ν = (C
−1)νµMˆ
c
ν (170)
if the conditions
p >
1
2
, s > 1 , p+ u > 1 (171)
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are satisfied. The transformed “extended orbital angular momentum”
Lˆ′µ
ν def=
∫
σ
Mˆ
′
µ
νλdσ′λ (172)
is divergent in general, as is obvious from Eq. (120). However, the trans-
formed orbital angular momentum Lˆ′[µν], and hence the transformed total
angular momentum Jˆ ′kl
def
= Sˆ ′kl+
(0)b′µk
(0)b′νlLˆ
′
[µν], are well defined, and they
obey the rules
Lˆ′[µν] = (C
−1)λµ(C
−1)ρνLˆ[λρ] , (173)
Jˆ ′kl = Λk
mΛl
nJˆmn (174)
if the conditions
p >
1
2
, s > 2 , u > 1 , p+ u > 2 (175)
are satisfied.
4.2.3 Charge
The transformed charge
Cˆ ′
def
=
∫
σ
∂′ν
(
∂Lˆ′
∂A′µ,ν
)
dσ′µ , (176)
with the Lagrangian density Lˆ′ defined with transformed field variables, is
evaluated as
Cˆ ′ = Cˆ = q , (177)
without imposing any additional condition.
To summarize, the G. E. P. is satisfied if the conditions in Eq. (175)
are satisfied. The asymptotic behavior of the transformed dual components
of bˆ′kµ
def
= Hkl(∂x
ν/∂x′µ)blν and of the transformed vector potential Aˆ
′
µ
def
=
(∂xν/∂x′µ)Aν are easily determined from Eqs. (126), (128), (142) and (175)
as
bˆ′kµ = Λ
k
l(C
−1)νµ
(0)blν +O
k
µ(1/r
p) ,
(
p >
1
2
)
Aˆ′µ = (C
−1)νµAν + d
ν
µAν = Oµ(1/r) . (178)
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5 Summary and discussion
In extended new general relativity (E. N. G. R.), we have examined exact
charged axi-symmetric solutions of the gravitational and electromagnetic field
equations in vacuum from the point of view of the equivalence principle.
In this theory, the generators depend on the choice of the set of indepen-
dent field variables. In §3, we examined the solution represented by Eqs. (67)
and (68) for the case in which {ψk, Akµ, Aµ} is employed as the set of inde-
pendent field variables and for the case in which {ψk, bkµ, Aµ} is employed
as the set of independent variables. We have shown the following:
(A) For the case in which {ψk, Akµ, Aµ} is employed as the set of indepen-
dent field variables, the total energy-momentum, the total angular mo-
mentum and the total electric charge of the system are all given by gen-
erators of internal transformations. The canonical energy-momentum
and the orbital angular momentum vanish trivially.
(B) For the case in which {ψk, bkµ, Aµ} is employed as the set of independent
field variables, we have following: (1) The total energy-momentum is
given by the generator M cµ of the coordinate translations, and the
generator Mˆk of the internal translations vanishes identically. (2) The
total angular momentum is given by the sum Jˆkl
def
= Sˆkl+
(0)bµk
(0)bνlLˆ[µν]
of the generator Sˆkl of the internal Lorentz transformations and of the
generator Lˆ[µν] of the coordinate Lorentz transformations. (3) The total
charge is given by the generators of the internal U(1) transformations.
(A∩B) For both cases, the total energy-momentum, the total angular mo-
mentum and the total charge of the system are identical to the corre-
sponding active quantities of a central gravitating body.
The total mass, which is equal to the total energy divided by the square of
the velocity of light, can be regarded as the inertial mass of the system. Thus,
the results mentioned above include the equality of the inertial mass and the
active gravitational mass, which implies that the equivalence principle is
satisfied by the solution represented by Eqs. (67) and (68). In consideration
of this, we have introduced the notion of a generalized equivalence principle
(G. E. P.), as stated at the beginning of §4. Solutions obtained by applying
{the transformations (126) and (127) satisfying the conditions (125) and
(139)}⊗ {the coordinate transformation (140)} to the original solution have
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been examined from the point of view of the G. E. P. The following results
have been obtained.
(A′) For the case in which {ψk, Akµ, Aµ} is employed as the set of indepen-
dent field variables, the G. E. P. is satisfied by solutions if the conditions
in Eq. (166) are satisfied.
(B′) For the case in which {ψk, bkµ, Aµ} is employed as the set of indepen-
dent field variables, the G. E. P. is satisfied if the conditions in Eq. (175)
are satisfied.
We would like to add several comments:
[1] For the internal transformation (126), the condition (166) gives a stronger
condition than does the condition (175). For the coordinate transfor-
mation (140), no constraint is imposed by the former, while the latter
gives the restrictions u > 1, p+ u > 2.
[2] For the case in which {ψk, Akµ, Aµ} is employed as the set of independent
field variables, the G. E. P. is satisfied even by solutions which approach
constant values very slowly at spatial infinity, as is seen from Eq. (167).
This is a direct consequence of the following:
(a) The functions F k
µν and F µν =
√−gF µν both describe tensor
densities, and hence the total energy-momentumMk, total angular
momentum Skl and the total charge C are all independent of the
coordinate systems employed.
(b) The canonical energy-momentum M cµ and the “extended orbital
angular momentum” Lµ
ν , which are the generators of coordinate
transformations, obey the regular transformation rules (160) and
(161) under the coordinate transformation (140) with arbitrary
positive u if the condition (163) is satisfied.
Note that bk′µ′ as given by Eq. (167) approaches a constant value much
more slowly than the vierbein components required in the general
situation to give reasonable forms of energy-momentum and angular
momentum.[6]
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[3] In the case in which {ψk, bkµ, Aµ} is employed as the set of independent
field variables, the G.E.P. for the total energy-momentum and for the
total angular momentum is established when the vierbeins have asymp-
totic property as indicated by the first of Eq. (178). This is consistent
with the results [5] on the equivalence principle for the energy in new
general relativity (N. G. R.).19
The preceding results, together with those in Ref.[6], show that the choice
{ψk, Akµ, Aµ} as the set of independent field variables is preferential to the
choice {ψk, bkµ, Aµ}. This is quite natural, because the fields ψk, Akµ and Aµ
are the fundamental objects and bkµ is a composite of ψ
k and Akµ.
A Asymptotic Forms of F (1)k
µν , V mnλ andW
µνλ
klm
for Large r
In this appendix, we give the asymptotic forms of F (1)k
µν , V mnλ andW
µνλ
klm
for large r, which are useful for the calculations in §§3 and 4.
F
(1)
k
µν :
F
(1)
(0)
0α = −1
κ
(
a− Q
2
r
)
nα
r2
+
ah
2κr3
εαβ3n
β +Oα
(
1
r4
)
,
F
(1)
a
0α = − 1
κr2
(
a− 3Q
2
2r
)
nan
α − Q
2
2κr3
δa
α
− ah
2κr3
(
δαβ − 3nαnβ) εaβ3 +Oaα
(
1
r4
)
,
F
(1)
(0)
αβ =
3ah
2κr3
(
nαεβγ3 − nβεαγ3
)
nγ +
ah
κr3
εαβ3 +O
[αβ]
(
1
r4
)
,
F
(1)
a
αβ = − ah
2κr3
(
εa
α
3n
β − εaβ3nα
)
+
2ah
κr3
(
nαεβγ3 − nβεαγ3
)
nan
γ
+
ah
κr3
εαβ3na − Q
2
2κr3
(
δa
αnβ − δaβnα
)
+Oa
[αβ]
(
1
r4
)
. (179)
19Note that E. N. G. R. is reduced to N. G. R. if fields with nonvanishing Pk are not
present and if the set {ψk, bkµ, Aµ, φA, φ∗A} is employed as the set of independent field
variables.
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V mnλ:
V (0)a0 = −naΞ˙− an
a
r
Π˙− n
a
2
Ξ2(Ξ˙− a
r
Π˙) + a
na
r
ΞΠΞ˙
+Oa
(
1
rs+1
)
+Oa
(
1
r2p+2
)
+ oa
(
1
r3
)
,
V (0)aα = −1
r
(δaα − nanα) Ξ− nanαΞ′ − a
r2
(δaα − 2nanα)Π
−an
anα
r
Π′ +
nanα
2
Ξ2Ξ′ +Oaα
(
1
rs+1
)
+Oaα
(
1
r2p+2
)
+ oaα
(
1
r3
)
,
V ab0 = −a
r
nanb(ΞΠ˙ + Ξ˙Π)− a2n
anb
r2
ΠΠ˙ +
1
2
nanbΞ3Ξ˙
+Oab
(
1
rs+1
)
+Oab
(
1
r2p+2
)
+ oab
(
1
r3
)
,
V abα = −1
r
(naδbα − nbδaα)
(
1− 1
4
Ξ2
)
Ξ2 +Oabα
(
1
rs+1
)
+Oabα
(
1
r2p+2
)
+ oabα
(
1
r3
)
(180)
with20
Ξ
def
= A′ + B˙ , Π
def
= A˙+ B˙ − A′ − B′ + 1
r
(A +B) , (181)
and oaα(1/r
3), for example, denotes a term such that limr→∞ r
3oaα(1/r
3) = 0.
20Here, the prime and dot represent derivatives with respect to r and x0, respectively.
For example, A′
def
= ∂A/∂r and A˙
def
= ∂A/∂x0.
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W µνλklm:
W 0αβ(0)ab =
1
2
(
δαaδ
β
b − δαbδβa
)
+
a
4r
{(
δαaδ
β
b − δαbδβa
)
+ (naδ
α
b − nbδαa)nβ
+
(
nbδ
β
a − naδβb
)
nα
}
+O[αβ][ab]
(
1
r2
)
,
W 0αβabc =
a
4r
{(
δαaδ
β
b − δαbδβa
)
nc +
(
δαbδ
β
c − δαcδβb
)
na
+
(
δαcδ
β
a − δαaδβc
)
nb
}
+O[αβ][abc]
(
1
r2
)
,
W αβγ(0)ab = − a
4r
{(
δαaδ
β
b − δαbδβa
)
nγ +
(
δβaδ
γ
b − δβbδγa
)
nα .
+ (δγaδ
α
b − δγbδαa)nβ
}
+O[αβγ][ab]
(
1
r2
)
,
W αβγabc =
1
2
{(
δαaδ
β
b − δβaδαb
)
δγc +
(
δαbδ
β
c − δβbδαc
)
δγa
+
(
δαcδ
β
a − δβcδαa
)
δγb
}
− a
4r
{(
δαaδ
β
b − δβaδαb
)
nc +
(
δαbδ
β
c − δβbδαc
)
na
+
(
δαcδ
β
a − δβcδαa
)
nb
}
nγ
− a
4r
[{
(δαanb − δαbna)nβ −
(
δβanb − δβbna
)
nα
}
δγc
+
{
(δαbnc − δαcnb)nβ −
(
δβbnc − δβcnb
)
nα
}
δγa
+
{
(δαcna − δαanc)nβ −
(
δβcna − δβanc
)
nα
}
δγb
]
+O[αβγ][abc]
(
1
r2
)
. (182)
All the other components, which are not listed above, are equal to zero
or are obtainable from the listed ones by permutations.
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